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ON q-ISOMONODROMIC DEFORMATIONS AND q-NEKRASOV FUNCTIONS
H. NAGOYA
ABSTRACT. We construct a fundamental system of a q-difference Lax pair of rank N in terms of 5d
Nekrasov functions with q = t . Our fundamental system degenerates by the limit q→ 1 to a funda-
mental system of a differential Lax pair, which yields the Fuji-Suzuki-Tsuda system. We introduce
tau functions of our system as Fourier transforms of 5d Nekrasov functions. Using asymptotic ex-
pansions of the fundamental system at 0 and∞, we obtain several determinantal identities of the
tau functions.
1. INTRODUCTION
Isomonodromic deformations of linear differential equations [18] have been studied intensively
and admit many applications both in mathematics and physics. The recent paper [12] revealed a
connection between isomonodromic deformation and the Liouville conformal field theory that
the tau function of the sixth Painlevé equation PVI is a Fourier transform of the Virasoro conformal
block with central charge c = 1. Later, the tau functions of other Painlevé equations PV, PIV, PIII,
PII were also recognized as Fourier transforms of irregular conformal blocks [13], [22], [27], [28].
Furthermore, the tau functions of isomonodromic deformation of particular Fuchsian systems of
rank N was constructed by semi-degenerate conformal blocks ofWN -algebra with central charge
c =N −1 [14].
By AGT correspondence [2], Virasoro conformal blocks correspond to Nekrasov partition func-
tions of 4d supersymmetric gauge theories. Hence, the tau functions of the Painlevé equations
have explicit series expansions at regular singular points. Correspondence betweenpartition func-
tions of gauge theories and tau functions of Painlevé equations was investigated in [4]. In [7], us-
ing Nakajima-Yoshioka blow-up equations [29] for the pure Nekrasov partition functions, it was
proved that the tau function of the Painlevé III3 (PIII3) in terms of the pure Nekrasov partition
function satisfies the bilinear equation for it.
One of the reasons why conformal blocks appear in the construction of isomonodromic tau
functions is that when the central charge takes particular values, monodromy invariant finite-
systems can be constructed from conformal blocks with the degenerate field [16], [14]. We note
that by definition, localmonodromies of conformal blocks are independent of their singular points,
and connection problemof semi-degenerateWN -conformal blocks with the degenerate field is re-
duced to connection problemof theClausen-Thomaehypergeometric function NFN−1. Recall that
W2 is the Virasoro algebra.
A q-analog of isomonodromic deformation of linear differential equations can be considered.
It corresponds to study connection preserved deformation of linear q-difference equations, that
is, q-difference Lax pairs with rational coefficients of the independent variable. In [21], the q-
Painlevé VI (q-PVI) was obtained from the compatibility condition of a Lax pair of rank 2. In [20],
fundamental solutions of the Lax pair were constructed in terms of the q-conformal blocks given
1
2 H. NAGOYA
as expectation values of the intertwining operators of the Ding-Iohara-Miki algebra [1], and ex-
pressed in terms of the q-Nekrasov functions. As a result, a general solution to the q-Painlevé
VI is expressed explicitly, and moreover, it was conjectured that tau functions of q-PVI defined as
Fourier transforms of the q-conformal blocks satisfy bilinear equations. Later, by taking degen-
eration of q-PVI, explicit series representations for the tau functions of the q-Painlevé V, III1, III2,
and III3 equations were obtained [23]. The series representations of the tau function for q-PIII3
expressed by the pure 5d Nekrasov function had been proposed in [6] for surface type A(1)′7 and [3]
for surface type A(1)7 . The tau functions obtained in [23] are equivalent to those proposed in [6]
and [3].
In this paper, we construct a fundamental system of a Lax pair of rankN in terms of 5dNekrasov
functions with q = t . Our fundamental system degenerates by the limit q → 1 to a fundamental
system of a Lax pair LM ,N (M ∈Z≥1) describing isomonodromy deformation of a Fuchsian system
withM +3 regular singular points whose spectral type is
(
1N
)
,
(
1N
)
, (N −1,1), . . . , (N −1,1).
The corresponding isomonodromic system was studied from the point of view of UC hierarchy
[36]. When M = 1, the isomonodromic system is also derived from similarity condition of the
Drinfeld-Sokolov hierarchy [9] (N = 3), [35] (N ≥ 2). We call this isomonodromic system the Fuji-
Suzuki-Tsuda system. Since a fundamental system of LM ,N was constructed by WN conformal
blocks [14], the uniqueness of a fundamental system of a Fuchsian system gives another justifica-
tion of AGT correspondence. We note that to be rigorous, we have to prove convergence ofWN
conformal blocks and 5dNekrasov partition functions, andmoreover, Fourier transforms of them.
A key ingredient to construct amonodromy invariant fundamental system fromconformal blocks
is the braiding relation interchanging places of the variable x of the degenerate field with other
singular points. In differential cases, the braiding relation is derived fromWN conformal field the-
ory. In q-difference cases; however, we have not yet understood braiding relations of q-conformal
blocks representation theoretically. Instead, taking advantage of explicit expressions of q-Nekrasov
functions, we directly prove contiguity relations of q-Nekrasov functions with special values by
generalizing amethodused in [20]. Consequently, we solve the connection problemof q-conformal
blocks with the degenerate field.
The remainder of this paper is organized as follows. In Section 2, we introduce q-conformal
blocks and investigate the connection problemof degenerate q-conformal blocks. In Section 3, we
construct a fundamental system of a particular Lax pair of rank N , using degenerate q-conformal
blocks. We introduce tau functions of our system as Fourier transforms of q-conformal blocks.
Finally, we present determinantal identities of the tau functions.
Notation. Throughout the paper we fix q ∈C× such that |q | < 1. We set
[u]=
1−qu
1−q
, (a;q)n =
n−1∏
j=0
(1−aq j ),
(a1, . . . ,ak ;q)∞ =
k∏
j=1
(a j ;q)∞, (a;q,q)∞ =
∞∏
j ,k=0
(1−aq j+k ).
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We use the q Gamma function, q Barnes function and the theta function defined by
Γq (u)=
(q ;q)∞
(qu ;q)∞
(1−q)1−u , Gq (u)=
(qu ;q,q)∞
(q ;q,q)∞
(q ;q)u−1∞ (1−q)
−(u−1)(u−2)/2 ,
ϑ(u)= qu(u−1)/2Θq (q
u), Θq (x)= (x,q/x,q ;q)∞,
which satisfy Γq (1)=Gq (1)= 1 and
Γq (u+1)= [u]Γq (u), Gq (u+1)= Γq(u)Gq (u), ϑ(u+1)=−ϑ(u)=ϑ(−u) .
A partition is a finite sequence of positive integers λ = (λ1, . . . ,λl ) such that λ1 ≥ . . . ≥ λl > 0.
Denote the length of the partition by ℓ(λ) = l . The conjugate partition λ′ = (λ′1, . . . ,λ
′
l ′) is defined
byλ′j = ♯{i |λi ≥ j }, l
′ =λ1. We regard a partition as a Young diagram. Namely, we regard a partition
λ also as the subset {(i , j ) ∈Z2 | 1≤ j ≤λi , i ≥ 1} of Z
2, and denote its cardinality by |λ|. We denote
the set of all partitions by Y. For ä = (i , j ) ∈ Z2
>0 we set aλ(ä) = λi − j (the arm length of ä) and
ℓλ(ä) = λ
′
j − i (the leg length of ä) . In the last formulas we set λi = 0 if i > ℓ(λ) (resp. λ
′
j = 0 if
j > ℓ(λ′)). For a pair of partitions (λ,µ) and u ∈Cwe set
Nλ,µ(u)=
∏
ä∈λ
(
1−q−ℓλ(ä)−aµ(ä)−1u
) ∏
ä∈µ
(
1−qℓµ(ä)+aλ(ä)+1u
)
which we call a Nekrasov factor. We set |λ| =
∑N
i=1 |λ
(i )| for an elementλ= (λ(1), . . . ,λ(N)) of YN .
2. CONTIGUITY RELATIONS
2.1. q-conformal blocks. For σ∈CN , set ∆σ =
∑N
i=1
(
σ(i )
)2
/2. We define hi ∈C
N (i = 1, . . . ,N ) as
h
( j )
i = δi j −
1
N
,
which may be regarded as the weights of the vector representation of slN . We choose the normal-
ization factor as
N
( θ
σ2 σ1
)
=
∏N
k,k′=1Gq
(
1+σ(k)2 −θ−σ
(k′)
1
)
∏
1≤k<k′≤N Gq
(
1+σ(k)2 −σ
(k′)
2
)
Gq
(
1−σ(k)1 +σ
(k′)
1
)
for θ ∈C, σi ∈C
N (i = 1,2).
Definition 2.1. Let m ∈ Z≥2. For θk ∈ C (1 ≤ k ≤m), and σk =
(
σ(1)
k
, . . . ,σ(N)
k
)
∈ CN (k = 0, . . . ,m)
such that
∑n+1
j=1 σ
(k)
j = 0, we define the m+2 point q-conformal block by
F
(
θm θm−1 · · · θ1
σm σm−1 σm−2 · · · σ1 σ0
;xm , . . . ,x1
)
(2.1)
=
m∏
p=1
N
( θp
σp σp−1
)
qNθp∆σp ·
m∏
p=1
x
∆σp−∆Nθph1−∆σp−1
p
×
∑
λ1,...,λm−1∈YN
m−1∏
p=1
(
qNθp xp
xp+1
)|λp | ∏mp=1∏Nk,k′=1Nλ(k)p ,λ(k′)p−1
(
q
σ(k)p −θp−σ
(k′)
p−1
)
∏m−1
p=1
∏N
k,k′=1Nλ(k)p ,λ(k
′)
p
(
qσ
(k)
p −σ
(k′)
p
) ,
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whereλp =
(
λ(1)p , . . . ,λ
(N)
p
)
, and λ0 =λm = (;, . . . ,;).
Our q-conformal blocks can be obtained as expectation values of intertwining operators of the
Ding-Iohara-Miki algebra [1]. We omit a derivation and refer to Section 2 of [20]. The series part of
a q-conformal block is the 5d Nekrasov partition function.
First, we relate a 4-point conformal block to the q-hypergeometric series, which is defined as
follows.
Definition 2.2. Let α1, . . . ,αN ,β1, . . . ,βN−1 ∈C. A series
NφN−1
(
α1, . . . ,αN
β1, . . . ,βN−1
;q,z
)
=
∞∑
k=0
(qα1 ;q)k · · · (q
αN ;q)k
(qβ1 ;q)k · · · (qβN−1 ;q)k(q ;q)k
zk
is called the q-hypergeometric series.
Let us recall some elementally facts about the Nekrasov factor.
Lemma 2.3. For λ,µ ∈Y,w ∈C, we have
(1) Nλ,;(q
−1) 6= 0 if and only if λ= (1n) (n = 0,1,2, . . .),
(2) N(1n ),;(w)= (q
−n+1w ;q)n ,
(3) N;,(1n )(w)= (w ;q)n ,
(4) N(1n ),(1n )(w)= (q
−nw ;q)n(qw ;q)n .
We need to substitute a special value into the normalization factor as
N
( 1
N
σ1−hi σ1
)
.
But then it has a zero factor. We redefine the normalization factor in this case as
N
′
( 1
N
σ2 σ2+hi
)
= lim
ǫ→0
1
Gq (ǫ)
N
( 1
N −ǫ
σ2 σ2+hi
)
.
The q-conformal block with the special value above is called degenerate q-conformal block.
Proposition 2.4. For i = 1, . . . ,N, we have
F
( 1
N θ1
σ2 σ2+hi σ0
;x1,x2
)
=N q∆σ2
(
qNθ1x2
x1
)σ(i )2 +(1−1/N)/2 ∏Nk=1Γq (1− 1N +σ(i )2 −θ1−σ(k)0 )∏N
k=1Γq
(
1+σ(i )2 −σ
(k)
2
)
×NφN−1

{
1−1/N +σ(i )2 −θ1−σ
(k)
0
}N
k=1{
1+σ(i )2 −σ
(k)
2
}N
k=1,k 6=i
;q,
qNθ1x2
x1
 ,
F
(
θ1
1
N
σ2 σ0−hi σ0
;x2,x1
)
=N q∆σ0
(
qx1
x2
)−σ(i )0 +(1−1/N)/2 ∏Nk=1Γq (1− 1N +σ(k)2 −θ1−σ(i )0 )∏N
k=1Γq
(
1+σ(k)0 −σ
(i )
0
)
×NφN−1

{
1−1/N +σ(k)2 −θ2−σ
(i )
0
}N
k=1{
1+σ(k)0 −σ
(i )
0
}N
k=1,k 6=i
;q,
qx1
x2
 ,
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where
N = qNθ1∆σ2 x−(1−1/N)/21 x
∆σ2−∆Nθ1h1−∆σ0
2
∏N
k,k′=1Gq
(
1− 1N +σ
(k)
2 −θ1−σ
(k′)
0
)
∏
1≤k<k′≤N Gq
(
1+σ(k)2 −σ
(k′)
2
)
Gq
(
1−σ(k)0 +σ
(k′)
0
) .
Proof. By the definition of q-conformal blocks and Lemma 2.3, we obtain the desired results. 
2.2. Connectionproblem. The connection formula of the q-hypergeometric series is well known.
See [11] for example. From Proposition 2.4, the connection formula of the degenerate 4-point q-
conformal block reads as
F
( 1
N θ1
σ2 σ2+hi σ0
;x1,x2
)
=
N∑
j=1
F
(
θ1
1
N
σ2 σ0−h j σ0
;x2,x1
)
B j ,i
[
θ1
1
N
σ2 σ0
∣∣∣x2
x1
]
qNθ
2
1/2−θ1/2
(
x2
x1
)θ1
,
where B
[
θ1
1
N
σ2 σ0
∣∣∣x] is the N by N matrix given by
B j ,i
[
θ1
1
N
σ2 σ0
∣∣∣x]= ϑ(1−1/N +σ(i )2 + (N −1)θ1−σ( j )0 +u)
ϑ(Nθ1+u)
∏N
k=1,k 6=i ϑ(1/N −σ
(k)
2 +θ1+σ
( j )
0 )∏N
k=1,k 6= j ϑ(σ
( j )
0 −σ
(k)
0 )
with x = qu .
The connection matrixB
[
θ1
1
N
σ2 σ0
∣∣∣x] enjoys the following properties.
Lemma 2.5. We have
B
[
θ1
1
N
σ2 σ0
∣∣∣qx]=B[θ1 1N
σ2 σ0
∣∣∣x] ,(2.2)
B
[
θ1+1
1
N
σ2 σ0
∣∣∣x]= (−1)NB[θ1 1N
σ2 σ0
∣∣∣x] ,(2.3)
B
[
θ1
1
N
σ2+hi σ0+h j
∣∣∣x]=B[θ1 1N
σ2 σ0
∣∣∣x] (i , j = 1, . . . ,N ),(2.4)
B
[
θ1−1/N
1
N
σ2 σ0−hi
∣∣∣x]=−B[θ1 1N
σ2 σ0
∣∣∣x] (i = 1, . . . ,N ),(2.5)
detB
[
θ1
1
N
σ2 σ0
∣∣∣x]= (−1)N−1 ϑ(u)
ϑ(Nθ1+u)
∏
1≤i< j≤N
ϑ(σ(i )2 −σ
( j )
2 )
ϑ(σ(i )0 −σ
( j )
0 )
.(2.6)
Proof. The identities (2.2), (2.3), (2.4), and (2.5) are immediate consequences of the definition of
the connection matrix. The expression of the determinant (2.6) of the connection matrix can be
verified by straightforward calculations. 
Wenote that the connectionmatrix has periodicity on the variable x and parametersσ0,σ2, and
θ1. Furthermore, the determinant has a simple form in terms of the theta function.
We want to prove the following connection formula for 6-point degenerate q-conformal block
F
(
θ4
1
N θ2 θ1
σ4 σ3 σ3+hi σ1 σ0
;x4,x2,x3,x1
)
(2.7)
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=
N∑
j=1
F
(
θ4 θ2
1
N θ1
σ4 σ3 σ1−h j σ1 σ0
;x4,x3,x2,x1
)
B j ,i
[
θ2
1
N
σ3 σ1
∣∣∣x3
x2
]
qNθ
2
2/2−θ2/2
(
x3
x2
)θ2
.
The constant with respect to the variables x1, x4 in the 6-point degenerate q-conformal block is
q-hypergeometric series. In this case, the connection problem is solved. We solve the connection
problem (2.7) by solving connection problemof each coefficient of x1, x4 in the 6-point degenerate
q-conformal block. We consider the following series obtained by taking the coefficient of x|λ|1 x
−|ν|
4
in the 6-point q-conformal block:
Sλ,ν
(
θ3 θ2
σ3 σ2 σ1
;x3,x2
)
=
∑
µ∈YN
(
qNθ2x2
x3
)|µ| N∏
k,k′=1
Nλk ,µk′ (wk,k′ )Nµk ,νk′ (zk,k′)
Nµk ,µk′ (uk,k′)
.(2.8)
Here we put
wk,k′ = q
σ(3)
k
−θ3−σ
(2)
k′ , zk,k′ = q
σ(2)
k
−θ2−σ
(1)
k′ , uk,k′ = q
σ(2)
k
−σ(2)
k′ .
We note that forλ=ν= (;, . . . ,;),
F
(
θ3 θ2
σ3 σ2 σ1
;x3,x2
)
=N S;,;
(
θ3 θ2
σ3 σ2 σ1
;x3,x2
)
.
From Proposition 2.4 if we set θ3 = 1/N , σ2 = σ3+hi or θ2 = 1/N , σ2 = σ1−hi in (2.8), then S;,;
becomes the q-hypergeomeric series NφN−1. In that case,µ in the right hand side of (2.8) restricts
to µi = (1
n) (n = 0,1,2, . . .), µk =; (k 6= i ). For the generalλ, ν, a tupleµ of partitions also takes the
following particular forms.
Let us introduce the following operations on partitionsλ ∈Y:
λ¯=(λ1−1, . . . ,λℓ(λ)−1) ,(2.9)
rn(λ)=(λ1+1, . . . ,λn +1,λn+2, . . .) (n ∈Z≥0).(2.10)
Here we identify a partition λwith a sequence (λ1, . . . ,λℓ(λ),0,0, . . .).
Lemma 2.6 ([20], Lemma A.1, A.2, A.3). For λ,µ ∈Y,
(1) Nλ,µ(1) 6= 0 if and only if λ=µ,
(2) Nλ,µ(q
−1) 6= 0 if and only if λ= rn(µ) (n = 0,1,2, . . .),
(3) Nλ,µ(u)=Nµ′,λ′(u).
Suppose that θ3 = 1/N , σ2 =σ3+hi in (2.8), then the following holds:
wi ,i = q
σ(i )3 −1/N−σ
(i )
2 = q−1, wk,k = q
σ(k)3 −1/N−σ
(k)
2 = 1 (k 6= i ).
Hence by Lemma 2.6 (1), (2), we obtain
µi = rn(νi ), µk = νk (k 6= i ).
Similarly, suppose that θ2 = 1/N , σ2 =σ1−hi in (2.8), then the following holds:
zi ,i = q
σ(i )2 −1/N−σ
(i )
1 = q−1, zk,k = q
σ(k)2 −1/N−σ
(k)
1 = 1 (k 6= i ).
Hence by Lemma 2.6 (1), (2), we obtain
µi = rn(λi ), µk =λk (k 6= i ).
We also recall the following lemma.
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Lemma 2.7 ([20], Lemma A.4). Let λ,µ ∈Y and n ∈Z≥0. Using the notation (2.9) and (2.10), we set
ℓ= ℓ(λ) , k = ℓ(µ) , η= rn(λ) , γ= (rn(µ
′))′ ,
η˜=
{
η¯ (n ≤ ℓ−1),
(λ,1n−ℓ+1) (n ≥ ℓ).
Then we have
Nη,λ(q
−1)
Nη,η(1)
=
Nη˜,λ¯(q
−1)
Nη˜,η˜(1)
(1−q |η˜|−|λ|) ,
Nµ,η(u)=Nµ,η˜(q
−1u)
µℓ∏
j=1
1−q j−1u
1−q−ℓµ(ℓ, j )+ j−2u
ℓ−1∏
i=1
(1−qℓ−i+aµ(i ,1)u) ,
Nµ,λ(u)=Nµ,λ¯(q
−1u)
µℓ+1∏
j=1
1−q j−1u
1−q−ℓµ(ℓ+1, j )+ j−2u
ℓ∏
i=1
(1−qℓ−i+aµ(i ,1)+1u) ,
Nµ,λ(u)
Nµ,η(qu)
=
Nµ,λ¯(q
−1u)
Nµ,η˜(u)
(1−u) ,
Nµ,λ(u)
Nµ,η(qu)
=
Nµ¯,λ(qu)
Nµ¯,η(q2u)
1−q |η|−|λ|+1−ku
1−qu
,
Nγ,λ(u)=Nγ,λ¯(q
−1u)(1−qℓ+|γ|−|µ|−1u)
µℓ∏
j=1
1−q j−1u
1−q−ℓµ(ℓ, j )+ j−2u
ℓ−1∏
i=1
(1−qℓ−i+aµ(i ,1)u) .
We denote by Tq,z , the q-shift operator with respect to the variable z.
Theorem 2.8. For i , j (1≤ i , j ≤N), let m ≥ ℓ(λ j ), and
λˆ=(λ1, . . . ,λ j +1
m , . . . ,λN ),
A
( j )
λ,ν
(θ2,σ1,σ3)=
N∏
k=1
Nνk ,λˆ j
(
qσ
(k)
3 −θ2−σ
( j )
1 +1−1/N
)
Nνk ,λ j
(
qσ
(k)
3 −θ2−σ
( j )
1 −1/N
) ,
we have
Sλˆ,ν
( 1
N θ2−
1
N
σ3 σ3+hi σ1−h j
;x2,x3
)(2.11)
= qm−|ν|+1−1/N+σ
(i )
3 −θ2−σ
( j )
1 A
( j )
λ,ν
(θ2,σ1,σ3)
1
1−qσ
(i )
3 −θ2−σ
( j )
1 +1−1/N
×
(
q |ν|−m−1+1/N−σ
(i )
3 +θ2+σ
( j )
1 Tq,x2 −1
)
Sλ,ν
( 1
N θ2
σ3 σ3+hi σ1
;x2,x3
)
,
Sλˆ,ν
(
θ2−
1
N
1
N
σ3 σ1−hi −h j σ1−h j
;x3,x2
)(2.12)
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=
(
qx2
x3
)m
A
( j )
λ,ν
(θ2,σ1,σ3)
1−q−m−|λ|+σ
( j )
1 −σ
(i )
1 Tq,x2
1−qσ
( j )
1 −σ
(i )
1
Sλ,ν
(
θ2
1
N
σ3 σ1−hi σ1
;x3,x2
)
,
Sλˆ,ν
(
θ2−
1
N
1
N
σ3 σ1−2hi σ1−hi
;x3,x2
)(2.13)
=
(
qx2
x3
)m−1
A
( j )
λ,ν
(θ2,σ1,σ3)
N∏
k=1
1−qσ
(k)
1 −σ
(i )
1 +1
1−qσ
(k)
3 −θ2−σ
( j )
1 +1−1/N
1−q−m−|λ|Tq,x2
1−q
Sλ,ν
(
θ2
1
N
σ3 σ1−hi σ1
;x3,x2
)
.
Proof. We can verify the equations (2.11), (2.12), and (2.13) by direct computations using Lemma
2.7. We omit the calculation. 
We note that ifλ=ν= (;, . . . ,;), then we can takem = 0 in Theorem 2.8 and then λˆ= (;, . . . ,;).
In that case, the equations (2.11), (2.12), and (2.13) are equal to the contiguity relations for the q-
hypergeometric series. Hence, we may regard the contiguity relations (2.11), (2.12), and (2.13) as a
generalization of the contiguity relation of the q-hypergeometric series.
Let us denote the coefficient of x|λ|1 x
−|ν|
4 in the 6-point q-conformal block by
Fλ,ν
(
θ3 θ2
σ3 σ2 σ1
;x3,x2
)
=
3∏
p=2
N
( θp
σp σp−1
)
qNθp∆σp ·
m∏
p=1
x
∆σp−∆Nθph1−∆σp−1
p
×x|ν|3 x
−|λ|
2 Sλ,ν
(
θ3 θ2
σ3 σ2 σ1
;x3,x2
)
.
Corollary 2.9. We have
Fλˆ,ν
( 1
N θ2−
1
N
σ3 σ3+hi σ1−h j
;x2,x3
)
=C
(
q−m+θ2+σ
( j )
1 Tq,x2 −1
)
Fλ,ν
( 1
N θ2
σ3 σ3+hi σ1
;x2,x3
)
,
Fλˆ,ν
(
θ2−
1
N
1
N
σ3 σ1−hs −h j σ1−h j
;x3,x2
)
=Cqθ2
(
x3
qx2
)1/N (
1−q−m+σ
( j )
1 Tq,x2
)
Fλ,ν
(
θ2
1
N
σ3 σ1−hs σ1
;x3,x2
)
,
where
C = qm−|ν|−∆σ3+(1−1/N)/2−θ2−σ
( j )
1 x
−m+(Nθ2−1)(1−1/N)+σ
( j )
1
3 A
( j )
λ,ν
(θ2,σ1,σ3).
Corollary 2.9 enable us to reduce the connectionproblemofFλ,ν(x2) to the connection problem
of q-hypergeometric series. According to the periodicity of the connection matrix B
[
θ2
1
N
σ3 σ1
∣∣∣x],
each connection matrix ofFλ,ν(x2) for anyλ, µ is the same. Therefore, we obtain
Theorem 2.10. We have
F
(
θ4
1
N θ2 θ1
σ4 σ3 σ3+hi σ1 σ0
;x4,x2,x3,x1
)
(2.14)
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=
N∑
j=1
F
(
θ4 θ2
1
N θ1
σ4 σ3 σ1−h j σ1 σ0
;x4,x3,x2,x1
)
B j ,i
[
θ2
1
N
σ3 σ1
∣∣∣x3
x2
]
qNθ
2
2/2−θ2/2
(
x3
x2
)θ2
.
3. CFT CONSTRUCTION.
In this section,we construct amonodromy invariant fundamental solutionof a linear q-difference
system as a Fourier transform of q-Nekrasov functions multiplied by some factors. Our funda-
mental system degenerates by the limit q→ 1 to a monodromy invariant fundamental system of a
Fuchsian system of rank N with spectral type(
1N
)
,
(
1N
)
, (N −1,1), . . . , (N −1,1).
Another monodromy invariant fundamental solution of this Fuchsian system was constructed
in [14] by using the W conformal field theory. The corresponding tau function was expressed
as a Fourier transform of the semi-degenerate WN conformal block with the central charge c =
N − 1. Hence, by the uniqueness of a fundamental system of a Fuchsian system, W conformal
blocks are equal to 4d Nekrasov functions. We note that in what follows, we assume convergence
of 5d Nekrasov partition functions, and moreover, Fourier transforms of them. Analyticity of 5d
Nekrasov partition functions in cases different from our case was discussed in [8].
3.1. Lax form. Let R be defined by
R =
{
n ∈ZN
∣∣∣∣∣ N∑
i=1
n(i ) = 0
}
,
which may be regarded as the root lattice of slN . We set
x˜ =qN
∑m+1
i=1 θi x, t˜i = q
N
∑m+1
j=i+1 θ j ti (i = 1, . . . ,m+1), s =
m∏
i=1
N∏
j=1
si , j , si =
N∏
j=1
si , j (i = 1, . . . ,m)
for variables x, ti , and si , j (i = 1, . . . ,m, j = 1, . . . ,N ). We denote s
n
i =
∏N
j=1 s
n( j )
i , j for n ∈ R and
sn =
∏m
i=1 s
ni
i for n = (n1, . . . ,nm) ∈R
m .
We define a N by N matrix by
Y (0,1)i , j (x, t )=
1
τ(0,1)i (t )
∑
n=(n1 ,...,nm )∈Rm
snF
(
1
N (θℓ)
m+1
ℓ=1
θ∞−hi θ∞−hi +h j (σℓ+nℓ)
m
ℓ=1
θ0
; x˜, (t˜ℓ)
m+1
ℓ=1
)
.
Here, the function τ(0,1)i (t ) is the normalization factor so that
Y (0,1)(x, t )=
(
I +Y1(t )x
−1
+O
(
x−2
))
diag
(
x−θ
(1)
∞ , . . . ,x−θ
(N )
∞
)
,
where I is the unit matrix of rank N . The matrix Y (0,1)(x, t ) is an expansion around x = ∞. We
define the N by N matrices by
Y (k,k+1)i , j (x, t )=
x−
∑k
ℓ=1
θℓ
τ(k,k+1)i (t )
∑
n∈Rm
sns
h j−hN
k
×F
(
(θℓ)
k
ℓ=1
1
N (θℓ)
m+1
ℓ=k+1
θ∞−hi (σℓ−hN +nℓ)
k
ℓ=1
σk +h j −hN +nk (σℓ+nℓ)
m
ℓ=k+1 θ0
; (t˜ℓ)
k
ℓ=1, x˜, (t˜ℓ)
m+1
ℓ=k+1
)
,
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for k = 1, . . . ,m, and
Y (m+1,m+2)i , j (x, t )=
x−
∑m+1
ℓ=1
θℓ
τ(m+1,m+2)i (t )
∑
n∈Rm
snF
(
(θℓ)
m+1
ℓ=1
1
N
θ∞−hi (σℓ−hN +nℓ)
m
ℓ=1
θ0−h j θ0
; (t˜ℓ)
m+1
ℓ=1 , x˜
)
,
where the functions τ(k,k+1)i (t ) are given recursively by
τ(k,k+1)i (t )= τ
(k−1,k)
i (t )q
Nθ2k /2+θk/2+Nθk
∑k−1
i=1 θi t−θk
k
.
By the definition of q-conformal blocks, asymptotic behaviours of the matrices of Y (0,1)(x, t )
and Y (m+1,m+2)(x, t ) are given by
Y (0,1)(x, t )=Ŷ (0,1)(x, t )diag(x−θ
(1)
∞ , . . . ,x−θ
(N )
∞ ),(3.1)
Ŷ (0,1)(x, t )=I +Y1(t )x
−1
+O
(
x−2
)
,
Y (m+1,m+2)(x, t )=Ŷ (m+1,m+2)(x, t )diag(x−θ
(1)
0 , . . . ,x−θ
(N )
0 )x−
∑m+1
i=1 θi ,(3.2)
Ŷ (m+1,m+2)(x, t )=G(t ) (I +O(x)) ,
where I is the unitmatrix of rankN , Y1(t ) andG(t ) areN byN matrices. The off diagonal elements
of Y1(t ) and all elements of the coefficient matrixG(t ) will be expressed as ratios of tau functions.
Furthermore, asymptotic behaviours of the matrices Y (k,k+1)(x, t ) (k = 1, . . . ,m) are given by
Y (k,k+1)(x, t )= Ŷ (k,k+1)(x, t )diag
(
x−σ
(1)
k
−
1
N , . . . ,x−σ
(N−1
k
−
1
N ,x−σ
N
k +1−
1
N
)
x−
∑k
i=1 θi ,
Ŷ (k,k+1)(x, t )=
∞∑
n=−∞
Y (k,k+1)n (t )x
n .
We assume that each Ŷ (k,k+1)(x, t ) is holomorphic in the domain
|t1| > |t2| > · · · > |tk | >
∣∣∣q1+N∑ki=1 θi x∣∣∣ , ∣∣∣qN∑ki=1 θi x∣∣∣> |tk+1| > · · · > |tm+1|,
which is a natural assumption from the point of view of conformal blocks.
Theorem 3.1. Let
1<
∣∣∣q−Nθi ∣∣∣< 1
|q |
(i = 1, . . . ,m+1),(3.3) ∣∣∣q−N∑kj=i θ j tk+1∣∣∣< |ti | (i = 1, . . . ,m, k = i , . . . ,m).(3.4)
Then, the matrices Y (k,k+1)(x, t ) (k = 0,1, . . . ,m) form a fundamental solution of the q-linear differ-
ence system
(3.5) Tq,x (Y (x, t ))= A(x, t )Y (x, t ), Tq,ti (Y (x, t ))=Bi (x, t )Y (x, t ) (i = 1, . . . ,m+1)
with N by N matrices A(x, t ), Bi (x, t ) satisfying
A(x, t )=
Am+1x
m+1+
∑m
k=0 Ak(t )x
k∏m+1
k=1
(
x−q
−1−N
∑k−1
j=1 θ j tk
) , detA(x, t )=m+1∏
k=1
x−q
−1−N
∑k
j=1 θ j tk
x−q
−1−N
∑k−1
j=1 θ j tk
,(3.6)
Am+1 = diag(q
−θ(1)∞ , . . . ,q−θ
(N )
∞ ),
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A0(t )= (−1)
m+1q−m−1−
∑m+1
i=1 θi
m∏
k=0
(
q
−N
∑k
j=1 θ j tk+1
)
G(t )diag(q−θ
(1)
0 , . . . ,q−θ
(N )
0 )G(t )−1,
Bi (x, t )=
xI +Bi ,0(t )
x−q
−N
∑i
j=1θ j ti
, detBi (x, t )=
x−q
−N
∑i−1
j=1θ j ti
x−q
−N
∑i
j=1θ j ti
.(3.7)
Proof. Thanks to Theorem 2.10, we have for k = 0,1, . . . ,m
(3.8) Y (k,k+1)(x, t )= Y (k+1,k+2)(x, t )B
[
θk+1
1
N
σk −hN σk+1
∣∣∣ tk+1
qN
∑k+1
i=1 θi x
]
diag(sh1−hNk , . . . , s
hN−1−hN
k ,1),
where σ0 = θ∞ + hN , σm+1 = θ0, t0 = 1, and s0 = 1. Thus, by (2.2) all connection matrices are
independent of the q-shifts with respect to the variables x and ti (i = 1, . . . ,m+1). Therefore, the
matrices Y (k,k+1)(x, t ) satisfy the q-linear difference system
Tq,x (Y (x, t ))= A(x, t )Y (x, t ), Tq,ti (Y (x, t ))=Bi (x, t )Y (x, t ) (i = 1, . . . ,m+1)
with N by N matrices A(x, t ), Bi (x, t ) whose entries are rational functions of x.
The forms of A(x, t ) and Bi (x, t ) can be deduced from detY
(0,1)(x, t ). The connection formula
(3.8) yields
m∏
k=0
(
q−N
∑k
i=1 θi tk+1/x;q
)
∞(
q−N
∑k+1
i=1 θi tk+1/x;q
)
∞
detY (0,1)(x, t )
= qN
∑m+1
i=1 θi (N
∑m+1
i=1 θi+1)/2xN
∑m+1
i=1 θi
m∏
k=0
s
∑N−1
i=1 (hi−hN )
k
t−Nθk+1
k+1
(
q1+N
∑k+1
i=1 θi x/tk+1;q
)
∞(
q1+N
∑k
i=1 θi x/tk+1;q
)
∞
× (−1)(m+1)(N−1)
∏
1≤i< j≤N
ϑ(θ(i )∞ −θ
( j )
∞ )
ϑ(θ(i )0 −θ
( j )
0 )
detY (m+1,m+2)(x, t ).
Thus, based on the asymptotic behaviours (3.1) and (3.2), we conclude that both sides of the ex-
pression above are holomorphic on P1, namely, they are constants, and therefore,
(3.9) detY (0,1)(x, t )=
m∏
k=0
(
q−N
∑k+1
i=1 θi tk+1/x;q
)
∞(
q−N
∑k
i=1 θi tk+1/x;q
)
∞
.
Then by the definition we obtain
detA(x, t )=
m+1∏
k=1
x−q−1−N
∑k
i=1 θi tk
x−q−1−N
∑k−1
i=1 θi tk
, detBi (x, t )=
x−q
−N
∑i−1
j=1θ j ti
x−q
−N
∑i
j=1θ j ti
(i = 1, . . . ,m+1).
For each k = 0,1, . . . ,m+1, we have from the definition
A(x, t )= Tq,x
(
Y (k,k+1)(x, t )
)
Y (k,k+1)(x, t )−1 (k = 0,1, . . . ,m+1).
Hence, in the domain ∣∣∣q−1−N∑ki=1 θi tk+1∣∣∣< |x| < ∣∣∣q−1−N∑ki=1 θi tk ∣∣∣ ,
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possible poles of A(x, t ) are the zeros of det
(
Y (k,k+1)(x, t )
)
. From (3.8) and (3.9) we have
det
(
Y (k,k+1)(x, t )
)
= fk(θ, s, t )x
−N
∑k
i=1 θi
k∏
i=1
(
q
1+N
∑i−1
j=1 θ j x/ti ;q
)
∞(
q
1+N
∑i
j=1 θ j x/ti ;q
)
∞
m∏
i=k
(
q
−N
∑i+1
j=1θ j ti+1/x;q
)
∞(
q
−N
∑i
j=1θ j ti+1/x;q
)
∞
,
where fk(θ, s, t ) is a function of θ, s and t . The conditions (3.3) and (3.4) imply that A(x, t ) only has
simple poles at x = q−1−N
∑k−1
i=1 θi tk (k = 1, . . . ,m+1).
Therefore, together with the asymptotic behaviour (3.1), we have
A(x, t )=
Am+1+
∑m
k=0 Ak(t )x
k∏m+1
k=1
(
x−q
−1−N
∑k−1
j=1 θ j tk
) .
The q-difference equation Y (qx)= A(x)Y (x) entails that possible (simple) poles of the analytic
continuations of Y (0,1)(x, t )±1, Y (m+1,m+2)(x, t )±1 are
Y (0,1)(x, t ) : q
ℓ−N
∑k−1
j=1 tk , Y
(0,1)(x, t )−1 : q
ℓ−N
∑k−1
j=1 tk ,q
ℓ−N
∑k
j=1 tk ,
Y (m+1,m+2)(x, t ) : q
−ℓ−1−N
∑k−1
j=1 tk ,q
−ℓ−1−N
∑k
j=1 tk , Y
(m+1,m+2)(x, t )−1 : q
−ℓ−1−N
∑k−1
j=1 tk ,
where ℓ ∈Z≥0, k = 1, . . . ,m+1. Hence, since
Bi (x, t )= Tq,ti
(
Y (0,1)(x, t )
)
Y (0,1)(x, t )−1 = Tq,ti
(
Y (m+1,m+2)(x, t )
)
Y (m+1,m+2)(x, t )−1,
Bi (x, t ) only has a simple pole at x = q
−N
∑i
j=1 θ j ti . Therefore, we obtain (3.7).

The compatibility conditions
Tq,ti (A(x, t ))Bi (x, t )=B(qx, t )A(x, t ) (i = 1, . . . ,m+1)(3.10)
of the Lax form (3.5) with rational functions A(x, t ) and Bi (x, t ) satisfying (3.6) and (3.7) yield non-
linear q-difference system satisfied by the elements of A(x, t ), Bi (x, t ) as functions of the variables
t ’s with the parameters θ’s. Whenm = 1 and N = 2, the derived nonlinear q-difference system is
the q-difference VI equation [21]. Fortunately, the dependent variables of q-PVI are simply writ-
ten by the elements of A(x, t ) and B2(x, t ) and moreover they are expressed in terms of Fourier
transforms of q-conformal blocks, namely, tau functions [20]. However, in the general case, non-
linear q-difference systems derived from compatibility conditions are complicated and we have
not found a way to nicely write down equation satisfied by the elements of A(x, t ) and Bi (x, t ). We
refer to [32] where the author investigated the N = 2 case and obtained a q-analog of the Garnier
system, see also [24], [25], [26], [31]. We also refer to [10] where the authors verified that the Lax
form of a generalization q-P(n,n) of q-PVI obtained from the Drinfeld-Sokolov hierarchy is trans-
formed to our Lax form (3.5) form = 1 by q-Laplace transformations (Theorem 3.6 in [10]).
The rational function Bi (x, t ) can be computed from the fundamental solution Y
(k,k+1)(x, t ). In
particular, Bi ,0(t ) has two expressions
(3.11) Bi ,0(t )=−q
−N
∑i
j=1 θ j ti I +Tq,ti (Y1(t ))−Y1(t )=−q
−N
∑i
j=1 θ j tiTq,ti (G(t ))G(t )
−1.
derived from the asymptotic behaviours of the fundamental solution around 0 and∞. This pro-
duces non-trivial relations among elements of Y1(t ) and G(t ), which can be viewed as Fourier
transforms ofm+3-point q-conformal blocks.
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We define the tau function by
τ [θ|s,σ, t ]=q
−N∆θ∞
∑m+1
k=1 θk+N
∑m
k=1∆Nθkh1
∑m+1
j=k+1 θ j
∏
1≤k<k′≤N
Gq
(
1+θ(k)∞ −θ
(k′)
∞
)
Gq
(
1−θ(k)0 +θ
(k′)
0
)
×
∑
n∈Rm
snF
(
(θp)
m+1
p=1
θ∞ (σp +np)
m
p=1 θ0
; (t˜p )
m+1
p=1
)
.
Then
τ [θ|s,σ, t ]=
∑
n∈Rm
sn
m+1∏
p=1
t
∆σp−1+np−1−∆Nθph1−∆σp+np
p C [θ|σ+n]Z [θ|σ+n, t ]
with the definition
C [θ|σ]=
∏m+1
p=1
∏N
k,k′=1Gq
(
1+σ(k)p−1−θp −σ
(k′)
p
)
∏m
p=1
∏N
k,k′=1Gq
(
1+σ(k)p −σ
(k′)
p
) ,
Z [θ|σ, t ]=
∑
λ1,...,λm∈YN
m∏
p=1
(
tp+1
tp
)|λp | ∏m+1p=1 ∏Nk,k′=1Nλ(k)p−1 ,λ(k′)p
(
q
σ(k)p−1−θp−σ
(k′)
p
)
∏m
p=1
∏N
k,k′=1Nλ(k)p ,λ(k
′)
p
(
qσ
(k)
p −σ
(k′)
p
) .
Let us introduce other tau functions by
τ= τ [θ|s,σ, t ] , τi j = τ
[(
θ∞−hi +h j , (θp)
m+2
p=1
)
|s,σ, t
]
,
τ˜i j = τ
[(
θ∞−hi , (θp)
m+1
p=1 ,θ0−h j
)
|s,σ−hN , t
]
for i , j = 1, . . . ,N .
Proposition 3.2. For p = 1, . . . ,m+1 and i , j = 1, . . . ,N (i 6= j ), we have the determinantal identity
(3.12) Tq,tp
(τi j
τ
)
−
τi j
τ
=
q−N
∑p
k=1 θk+θp tpDi j
Tq,tp (τ)τ
N−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
τ˜11 τ˜12 · · · τ˜1N
...
...
...
τ˜ j−11 τ˜ j−12 · · · τ˜ j−1N
Tq,tp (τ˜i1) Tq,tp (τ˜i2) · · · Tq,tp (τ˜iN )
τ˜ j+11 τ˜ j+12 · · · τ˜ j+1N
...
...
...
τ˜N1 τ˜N2 · · · τ˜NN
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
where
Di j =(−1)
(m+1)(N−1)+1qN(N−1)
∑m+1
k=1 θk/2+θ
(i )
∞−θ
( j )
∞ +
∑N
k=1 k(θ
(k)
∞ −θ
(k)
0 )
[
1−θ(i )∞ +θ
( j )
∞
] N∏
k=1,
k 6= j
[
θ
( j )
∞ −θ
(k)
∞
]
×
∏
k<k′
1[
θ(k
′)
∞ −θ
(k)
∞
][
θ(k)0 −θ
(k′)
0
] · s m∏
k=1
s−Nk,N .
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Proof. By the relation (3.11), the (i , j ) entry of Bp,0(t ) for i 6= j satisfies
(3.13) Tq,tp
(
Y1(t )i j
)
−Y1(t )i j =−
q−N
∑p
k=1 θk tp
detG(t )
N∑
k=1
Tq,tp (G(t )ik)G(t ) jk ,
whereG(t ) is the cofactor matrix ofG(t ).
By the definition of Y1(t ) and G(t ) associated with Y
(0,1)(x, t ) and Y (m+1,m+2)(x, t ), we have for
i 6= j
(Y1(t ))i j =
1[
1−θ(i )∞ +θ
( j )
∞
] N∏
k=1,k 6=i
Γq (θ
(i )
∞ −θ
(k)
∞ )
N∏
k=1
1
Γq (1+θ
( j )
∞ −θ
(k)
∞ )
·
τi j
τ
,(3.14)
G(t )i j =q
Ci j
m+1∏
k=1
tθk
k
N∏
k=1,k 6=i
Γq (θ
(i )
∞ −θ
(k)
∞ )
N∏
k=1
1
Γq(1+θ
(k)
0 −θ
( j )
0 )
·
τ˜i j
τ
,(3.15)
where
Ci j =∆θ0 −∆θ∞ −θ
( j )
0 +θ
(i )
∞ −
N
2
(
m+1∑
k=1
θk
)2
+
(
N
2
−1−Nθ
( j )
0
)m+1∑
k=1
θk .
Substituting (3.14) and (3.15) into (3.13) together with the expression
detG(t )−1 = (−1)(m+1)(N−1)qN
∑m+1
i=1 θi (N
∑m+1
i=1 θi+1)/2
∏
1≤i< j≤N
ϑ(θ(i )∞ −θ
( j )
∞ )
ϑ(θ(i )0 −θ
( j )
0 )
m∏
k=0
s
∑N−1
i=1 (hi−hN )
k
t−Nθk+1
k+1
of det(G(t )), we obtain the formula (3.12). 
3.2. Schlesinger transformations. Integer shifts on the characteristic exponents of Fuchsian sys-
tems preserving their monodromy are called the Schlesinger transformations [33]. In [19], the au-
thors studied the Schlesinger transformations of monodromy preserving deformation including
irregular singular case and showed that the ratio τ′/τ is a determinant of a matrix whose elements
are given in terms of the coefficients of fundamental solutions, where τ is the Jimbo-Miwa-Ueno
tau function introduced in [18] and τ′ is a Schlesinger transform of the original tau function. We
also mention a recent work [17] where the authors presented another determinant formula for
the ratio of τ-functions by using relations between Hermite’s two approximation problems and
particular Schlesinger transformation.
In our case, the connectionmatrix has periodicities (2.4) and (2.5) with shifts of the parameters.
This fact implies that the following shifts of the parameters
θ∞→ θ∞−hi , θ0→ θ0−h j (1≤ i , j ≤ n), θi → θi +
1
N
(1≤ i ≤m+1)
can be regarded as q-Schlesinger transformations and yield q-difference linear equations with
rational coefficients satisfied by Y (k,k+1)(x, t ) (k = 0,1, . . . ,m+1).
Let transformations ri (i = 1, . . . ,m+1) and p on the parameters be defined as follows.
ri (θ∞)= θ∞−h1, ri (σ j )=σ j −h1 ( j = 1, . . . , i −1), ri (σ j )=σ j ( j = i , . . . ,m), ri (θ0)= θ0,
ri (θ j )= θ j +
1
N
δi , j ( j = 1, . . . ,m+1), ri (t j )= t j ( j = 1, . . . , i ), ri (t j )= qt j ( j = i +1, . . . ,m+1),
p(θ∞)= θ∞−h1, p(σ j )=σ j −h1 ( j = 1, . . . ,m), p(θ0)= θ0−h1.
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We show below that from the q-Schlesinger transformations ri and p, we obtain determinantal
identities for the tau functions.
Proposition 3.3. The functions
(−1)
N
∑k
j=1 θ jY (k,k+1)(x, t )xθ
(N )
∞ (k = 0,1, . . . ,m+1)
satisfy the q-difference linear equation
ri (Y (x, t ))=Ri (x, t )Y (x, t )
with
detRi (x, t )= x−q
−N
∑i
j=1 θ j ti ,
Ri (x, t )=R0x+Ri ,0(t ), R0 = diag(1,0, . . . ,0),
Ri ,0(x, t )= ri (Y1(t ))R0+ I −R0−R0Y1(t )=−ri (G(t ))G(t )
−1.(3.16)
Proof. Put
Ri (x, t )= ri
(
Y (∞)(x, t )
)
Y (∞)(x, t )−1x1/N .
Then we have
Ri (x, t )=ri
(
Y (k,k+1)(x, t )
)
Y (k,k+1)(x, t )−1x1/N (k = 1, . . . , i −1)
=− ri
(
Y (k,k+1)(x, t )
)
Y (k,k+1)(x, t )−1x1/N (k = i , . . . ,m+1),
due to the connection relations (3.8) and the periodicities (2.4), (2.5) of the connectionmatrix.
By the definition of q-conformal blocks, Ri (x, t ) is a meromorphic function on P
1, and hence it
is a rational function of x. The determinant of Ri (x, t ) is computed from detY
(0,1)(x, t ) (3.9). Then,
the form of Ri (x, t ) is obtained from the asymptotic expansions of Y
(0,1)(x, t ) and Y (m+1,m+2)(x, t ).

Since we can express Ri ,0(x, t ) in two different way (3.16), we obtain the following theorem.
Theorem 3.4. Let 1≤ i ≤m+1. (1) for 2≤ a,b ≤N, we have
t1/Ni q
θ(1)∞ −
∑i
j=1 θ j
Dab
ri (τ)τN−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
τ˜11 τ˜12 · · · τ˜1N
...
...
...
τ˜b−11 τ˜b−12 · · · τ˜b−1N
q−θ
(1)
0 ri (τ˜a1) q
−θ(2)0 ri (τ˜a2) · · · q
−θ(N )0 ri (τ˜aN )
τ˜b+11 τ˜b+12 · · · τ˜b+1N
...
...
...
τ˜N1 τ˜N2 · · · τ˜NN
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=−δab
∏N
j=1Γq
(
1+θ(b)∞ −θ
( j )
∞
)
∏N
j=1, j 6=a Γq
(
θ(a)∞ −θ
( j )
∞
)
[
1−θ(a)∞ +θ
(b)
∞
]
[
θ(a)∞ −θ
(1)
∞
] .
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(2) for 2≤ b ≤N, we have
t1/Ni q
θ(1)∞ −1−
∑i
j=1 θ j
D1b
ri (τ)τN−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
τ˜11 τ˜12 · · · τ˜1N
...
...
...
τ˜b−11 τ˜b−12 · · · τ˜b−1N
q−θ
(1)
0 ri (τ˜11) q
−θ(2)0 ri (τ˜12) · · · q
−θ(N )0 ri (τ˜1N )
τ˜b+11 τ˜b+12 · · · τ˜b+1N
...
...
...
τ˜N1 τ˜N2 · · · τ˜NN
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
τ1b
τ
N∏
j=2
[
θ(1)∞ −θ
( j )
∞ −1
]
.
(3) for 2≤ a ≤N, we have
t1/Ni q
θ(1)∞ −
∑i
j=1 θ j
Da1
ri (τ)τN−1
∣∣∣∣∣∣∣∣∣∣
q−θ
(1)
0 ri (τ˜a1) q
−θ(2)0 ri (τ˜a2) · · · q
−θ(N )0 ri (τ˜aN )
τ˜21 τ˜22 · · · τ˜2N
...
...
...
τ˜N1 τ˜N2 · · · τ˜NN
∣∣∣∣∣∣∣∣∣∣
=−ri
(τa1
τ
)[
1−θ(a)∞ +θ
(1)
∞
] N∏
j=2, j 6=a
[
θ(1)∞ −θ
( j )
∞
]
.
Similarly to the q-Schlesinger transformation ri, we have the following proposition and theorem
on the q-Schlesinger transformation p.
Proposition 3.5. The functions Y (k,k+1)(x, t ) (k = 0,1, . . . ,m+1) satisfy the q-difference linear equa-
tion
p (Y (x, t ))= P (x, t )Y (x, t )x−1/N
with
detP (x, t )= x,
P (x, t )= P0x+Pi ,0(t ), P0 = diag(1,0, . . . ,0),
Pi ,0(x, t )= p(Y1(t ))P0+ I −P0−P0Y1(t )= p(G(t ))G(t )
−1.
Theorem 3.6. (1) for 2≤ a,b ≤N, we have
q
θ(1)∞ −θ
(1)
0 −
∑N
j=1 θ j
Dab
p(τ)τN−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
τ˜11 τ˜12 · · · τ˜1N
...
...
...
τ˜b−11 τ˜b−12 · · · τ˜b−1N
0
[
θ(1)0 −θ
(2)
0
]
p (τ˜a2) · · ·
[
θ(1)0 −θ
(N)
0
]
p (τ˜aN )
τ˜b+11 τ˜b+12 · · · τ˜b+1N
...
...
...
τ˜N1 τ˜N2 · · · τ˜NN
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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= δab
∏N
j=1Γq
(
1+θ(b)∞ −θ
( j )
∞
)
∏N
j=1, j 6=a Γq
(
θ(a)∞ −θ
( j )
∞
)
[
1−θ(a)∞ +θ
(b)
∞
]
[
θ(a)∞ −θ
(1)
∞
] .
(2) for 2≤ b ≤N, we have
q
θ(1)∞ −θ
(1)
0 −1−
∑N
j=1θ j
D1b
p(τ)τN−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
τ˜11 τ˜12 · · · τ˜1N
...
...
...
τ˜b−11 τ˜b−12 · · · τ˜b−1N
0
[
θ(1)0 −θ
(2)
0
]
p (τ˜12) · · ·
[
θ(1)0 −θ
(N)
0
]
p (τ˜1N )
τ˜b+11 τ˜b+12 · · · τ˜b+1N
...
...
...
τ˜N1 τ˜N2 · · · τ˜NN
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=−
τ1b
τ
N∏
j=2
[
θ(1)∞ −θ
( j )
∞ −1
]
.
(3) for 2≤ a ≤N, we have
q
θ(1)∞ −θ
(1)
0 −
∑N
j=1 θ j
Da1
p(τ)τN−1
∣∣∣∣∣∣∣∣∣∣
0
[
θ(1)0 −θ
(2)
0
]
p (τ˜a2) · · ·
[
θ(1)0 −θ
(N)
0
]
p (τ˜aN )
τ˜21 τ˜22 · · · τ˜2N
...
...
...
τ˜N1 τ˜N2 · · · τ˜NN
∣∣∣∣∣∣∣∣∣∣
= p
(τa1
τ
)[
1−θ(a)∞ +θ
(1)
∞
] N∏
j=2, j 6=a
[
θ(1)∞ −θ
( j )
∞
]
.
Remark 3.7. In the case of N = 2, the determinantal identities above become bilinear equations
satisfied by the tau functions. On the other hand, in the previous work [20], we gave conjectural
bilinear equations of the tau functions for N = 2 andm = 1. They are not equal to, and it is not clear
whether the bilinear equations obtained in this paper recover the conjectural bilinear equations
((3.16)–(3.23) in [20]).
Remark 3.8. When N = 2 and m > 1, the compatibility condition (3.10) of the Lax pair yields the
q-Garnier system. For its q → 1 limit, namely, the Garnier system, bilinear equations of the tau
functions were presented in [34]. It is easily seen from the transformation of the parameters by ri that
the bilinear equations in Theorem 3.4 (2), (3) are q-analogs of (part of) the Hirota-Miwa equations
((3.47) in [34]).
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